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The solution is given of the equations of a t h r e e - d i me ns i ona l  s ta t ionary  e lec t ros ta t ic  beam of charged 
par t i c les  of like sign f i l l ing the region between two nearby  cu rv i l i nea r  sur faces .  We as sume  that the flow 
is nonrota t ional  and nonre la t iv i s t i c  and that the veloci ty vector  is a s ing le -va lued  function. The solution is 
cons t ruc ted  in the form of an asymptot ic  s e r i e s  in powers of the sma l l  pa r a me t e r  e, which is the ra t io  of 
the cha rac t e r i s t i c  t r a n s v e r s e  (a) and longitudinal  (l) d imens ions  of the problem.  The f i r s t  d imens ion  is 
taken to be the dis tance between the e lec t rodes ,  and l defines the scale  at  which the geometr ic  and physical  
p a r a m e t e r s  (emi t te r  cu rva tu re ,  e lec t r ic  field E on the emi t t e r ,  and the emiss ion  c u r r e n t  densi ty J) change 
not iceably.  The emiss ion  r eg imes  l imi ted  by the space charge (p- regime) ,  t empera tu re  (T- reg ime) ,  and 
the case  of nonzero  ini t ia l  veloci ty (U-regime)  a re  studied. The asymptot ic  behavior  is given by the 
formulas  for the cor responding  one -d imens iona l  flow between pa ra l l e l  surface .  

The solut ion of the boundary problem for emi s s ion  in the p - r e g i m e  reduces  to de te rmina t ion  of the emiss ion  
c u r r e n t  densi ty  J for fixed e lec t rode  geomet ry  and given acce le ra t ing  voltage. The cor responding  formulas  
a re  presented ,  re ta in ing  t e rms  of order  e3. 

Two approximat ions  with respec t  to e a re  pe r fo rmed  for the T-  and U- reg imes .  Here the unknown 
quantity for given proper t ies  of the emit t ing  sur face  (J) will be the e lec t r i c  field E. 

The r e su l t s  provided by the cons t ruc ted  expansions are  compared  with the exact solut ion for flow from a 
p lanar  emi t t e r  along c i r c u l a r  t r a j ec to r i e s  [1]. As an example we examine  the two-d imens iona l  problem of 
flow between two nearby  c i r c u l a r  cy l indr ica l  e lec t rodes  with d is rupt ion  of the coaxiali ty.  

The conventional  t ensor  notat ions a re  used.  

1. Basic  equat ions.  The r egu la r  monoenerge t ie  nonre la t iv i s t i c  beam of s i m i l a r l y  charged par t ic les  in the 
absence  of a magnet ic  field in the s ta t ionary  case is desc r ibed  by a sys tem of di f ferent ia l  equations,  which in t ensor  
fo rm in the a r b i t r a r y  cu rv i l i nea r  coordinate  sys t em qi (i = 1, 2, 3) has the form 

gikVlV ~ 2~  ~C (U) ~, Oq k 

0 (V~g%v~)=0, V~ 0qi Oq ~ 

Here vi a r e  the covar ian t  velocity components ,  go is the sca l a r  potential ,  p is the space charge densi ty,  gik is 
the me t r i c  t ensor ,  g is its de te rminan t ,  u is a cons tant  having the sense  of the velocity at the emi t t e r .  F o r  convenience 
we have omit ted in (1.1) the specific charge ~? and 4~, which cor responds  to the r ep lacemen t  ~go -* go, 4~'~p ~ p. With 
this defini t ion go >- 0 and E -> 0 for the p- and T - r e g i m e s .  

We use  an orthogonal sys tem fixed to the emi t t e r ,  a s suming  that ql = 0 is its equation in these coordinates ;  we 
define the col lec tor  by the re la t ion  q~2) = f(q2, q3). On the e lec t rodes  thus defined we have 

q'  = O, vq, = u ,  vq, = vq~ = O, q) = O, 3"r = Y (q~, qa), Eq,  = E (q2,qa) 

q~) = f (q~, qa), (p = r (1.2) 

Here symbols  with subscr ip t  ql denote the physical  components  of the cor responding  quant i t ies ;  in the p - r e g i m e  
u = E = 0 and in the T - r e g i m e  u = 0. 

The introduct ion of the cha rac t e r i s t i c  sca les  (a in ql, / in q2 and q3) makes  i t  possible  to separa te  e in (1.1): The 
smal l  p a r a m e t e r  appears  with the der iva t ives  with r e spec t  to q2 and q3. However, it is more  convenient  to introduce 



symbolically as a sign of the order of smallness of the terms following it, retaining for the notations the sense given 

them in (i.i). Then (i.i) is recast as follows: 

~ (v')" + e~g"~ (v.p + e~g~ (.~? = 2~ + (u) ~, 

Or2 = e 0 Or3 0 
Oq a Oq ~ (q~lvx), ~ = s ~  (gnvX) ,  

a - + ( ] / " g g g ~ v 2 ) - [  - o  y ~ q ~ t v g g g  v~)=O, (1.3) 

Before solving (1.3), we p re sen t  the expansions for the e lements  of the me t r i c  tensor  gik nea r  the emi t t ing  
sur face ,  re ta in ing  t e r m s  of o rder  e2: 

4, 

Here ~4 I, w.2; k i, k2; and 6 I, 6 2 are the principal curvatures of the coordinate surfaces qi = const, calculated for 
ql = 0; consequently, both the coefficients ak of the expansion gli and ~4, k, 5 are functions of q2 and q3; p, Q are the arc 

lengths of the eurvilinear axes q2 q3: 

In deriving (1.4) we have considered the conditions that the space be Euclidean, formulated in terms of the 

principal curvatures. 

2. Solution of the beam equations.  We seek the solution of (1.3) in pa r ame t r i c  form,  defining the pa r ame te r  ~- in 
all  approximat ions  with respec t  to e by the re la t ion  

Oql lO'c = v 1. (2.1) 

It can be shown that in first approximation r coincides with the particle motion time along the trajectory. 

We note the technique for integrating (1.3). From the current conservation equation accounting for (2.1) we 

have 

= -i + 
0 

The Poisson equation makes it possible to calculate the contravariant electric field component 

]/-gg~O~ ;' Oq 1 = (boco)"% E ~- 

T ~ k  oo ~ ) j j  (2.3) 
0 

which appears in the equation of motion obtained by differentiating the energy integral with respect to q1: 

O~'q I ~ gl~ acp 1 ~ o 
o~ oql 2 e (vl) ~- e 2 ~ lg2~(v2) ~ + g33 (v3)~]. (2.4) 

Thus the problem reduces to integration of an equation of the form 

a2ql ~ F(~; q2, q~). 
aT2 

where functions of preceding approximations of required order are substituted into the right-hand sides of (2.2)-(2.4). 
The derivatives with respect to q~(c~ = 2, 3) are calculated with the aid of the relations 



01: 

Oq aO q'=const -- 0q ~t0 L=const ~- ~- q'~cmst--~'-r qa=cons~. 

W e  f o l l o w  t h i s  p r o c e d u r e  a n d  o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e  s o l u t i o n  i n  f i r s t  a p p r o x i m a t i o n  ( t h e  s y m b o l  
( 1 )  i n d i c a t e s  t h e  a p p r o x i m a t i o n  n u m b e r ) :  

/ __5 3 + "  
+'26-JE\-- 6 ao" ~z \ T 

ao ~ 

2q)(i> ~ (~/~ ] ~  + E~ + u) ~ - -  u: + eQ/~ ~'~ + E~ -}- u) [1/1~ J~%r + ~/~ JE~a + 
+ V~ (g~ + 2u]) ~ + uE~ ~] 7, 

bohv~<t > ~ ~:[I/G 0 J(dp'  __ 5kid 0 ,r~ + a[~ E. (Jp' - -  5klJ)'ra -]- ][~[E (Ef t  --  3kiE) Jr 
.+ u(Ip' - -  4k:tJ)]'t "a + x/~ u (Ep'-- 3klE)Z ~ -- u~kf~}. 

Co'hVa<i } = e {1/~ .](]O, __ 561j)-~s + 1/I~E(j Q" _ _  5/~ld)X,l -~- I/s [E(EQ'-- 351E ) + 
+ u(J O' - -  46,J)1 v ~ + '/~ U(EQ' --361E)* z --  u261~}. (2 .5 )  

H e r e  T = x 1 § •  i s  t h e  c o m b i n e d  c u r v a t u r e  o f  t h e  e m i t t i n g  s u r f a c e .  

T h e  f o r m u l a s  d e f i n i n g  t e r m s  of  o r d e r  e 2 f o r  u ~ 0 h a v e  t h e  f o r m  

As<2>=s<2>--s<t>---- Alack+ ~ B~. - rk ln ( ' r~+b , r+c)+  
/~=o k=o 

8 2* + b 2E 2u 
b---- 7 -  c =  d = 4 c - - b  ~ + ~ C~ v~ arc tg - - - - ~  , , --y ' ,  , 

tO 

[ 2Aq~ <2> m 2 (q~ <2> - -  tp <t>) = ~ Fk'~ t: + (j,~2 + 2E'~ + 2u) (BI + 2B~ "t" + 

6 2 , - ~ b  
+3B~'c~)ln( '~+b'~+e)+(C~+2C,'~ + - ~  C ~ 0  arctg ~ ]  , 

' i '/ VI~I ~ Wk_x 
b o ~ Av~ <2> = ~ -~-- ~:~, co% Av~ <2> = ~ "~. (2 .6 )  

T h e  c o e f f i c i e n t s  A ,  B ,  C ,  F ,  V,  W in  (2 .6 )  d e p e n d  on  t h e  g e o m e t r i c  a n d  p h y s i c a l  p a r a m e t e r s  of  t h e  p r o b l e m  a n d  

b e c a u s e  o f  t h e i r  c o m p l e x i t y  t h e y  a r e  n o t  p r e s e n t e d  h e r e .  L e t  u s  e x a m i n e  in  m o r e  d e t a i l  t h e  c a s e  of  z e r o  i n i t i a l  

v e l o c i t y .  F o r  u = 0 (2 .6 )  i s  r e w r i t t e n  a s  f o l l o w s :  

i o As <2>~ ~ D~~ 'r~+~---T-D o 'r(,( + b ) l n (  | + + )  
~=o (k + ~ + 2) 

7 

10 

};=2 

k~5 ~ 5  

- ~t"  ~a2 + 7 dS ]_ i a~ 2 l a~ i 
D7 

L 

315 J t260 d~ \ 2 t 0  315 ' 

7 a2 7 al 2 i t9 aa T 59 ~ 17 
D~=.rE~ --~--h~-o~ + ~ - ~ - - 2 ~ - ~ -  +W0(~ +z,~)+~x~x~_ 

t6'1 . I JP" 7 dp'g /1 i9  1 \ J p '  7 dp; Ep'  
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7 Ep" 7 Ep '2 ( 7  7 \ E p ' ]  

i2o s ~o ~ + ~ kl + ~ k~) -~--], 

5 a2 5 al 2 5 al 7 4- 7 

l dp'2 t Iv '  19 ] p '  Ep" 4- Ep" , t E p  "~ (1:1 4 \ E p ' ]  

E 4 [ l ,]'p,2 . t JP" r 19 ]p" Ep" 5 E p  "2 5 E p ' ]  

6 9 6 
D~ = - -  T bDs, D1 = ~ b2Dz, Do ~ -~  b~D3, 

[ 19 ~ 17 t 4- yp, ,  ,l yp '2  ~- 
F~0 = J4 [3--@5 (x~ + ~ )  + 2 ~  • - -  ~ ~ -  T260 J - :  5600 J~ 

3 4- 89 e 1 Jp" , 37 yp'2 
Fs : J2E2 ]~ (Xl 2 _~_ g22) @ ~- ZlZ2 __ @ 1r - -  ~ - 7 -  q- 25200 je -}- 

/2969 'I ) ] P '  4i J v'  Ep '  7 g p "  7 Ep'Z ( I t  7 \ E p " ]  
+~259-3~k~+~ k" -Y-+~600 ] E -- TY6 --g- -- 720 E" + 3~6k~+7~Ok")E--J ' 

[ ~  ,4- ~ , :v" , : / '  

4- 2 =,,, , = , ' ,  ' +t~k,-{--45k2)-]--+900 J Z - -  45 E 90 E ~ + f29 2 k '~ 

t3 17 t 7 Jp '2  7 Jp" , 
Y~ = E~ ~6 (• + • + ~ •215 -- ~ ~ -- 9~6 2~- + ~ ~1-7- :- 

133 Yp' Ep" t Ep"  { E p  "2 / 4-91 i ) Ep" " 
-t-5400 J E - -  20 - E - - - - 4 0 - - E ' i - + t ~ k ~ - i -  9"~ k '  " E - ~ '  

3 t0 
F6 : - -  ~ EDs, F 4 = - -~  bF~, Fs ~ - -  lOb~Fa, F~ : - -  4b~F~ , 

I T V ~ : J ~  ['90 P ' - -  t , 1 E•247 V~ = ~ -  hi',, 

[i 7 i7 ~4-9 , 2 ~p" ; ~] 

[~ 5 5 i E p " ]  
V~ = E a Tp'  - -  ~- kls' - -  ~- • I + ~- T ~E--.j" (2.7) 

The symbol D ~ and F ~ means that the expressions for D and F in (2.7) must be supplemented by terms containing 
the derivatives of J and E with respect to Q and by the curvatures 51 and 52; these terms enter absolutely 
symmetrically in view of the complete equivalence of the directions q2 and q3 (for example, kiJ P,/J must be 
supplemented by the term 61JQ,/J) ; W is obtained from V by the replacement of P ~ Q, k ~ 5; S is the arc length of the 
curvilinear axis ql. 

We note  tha t  so lu t ion  (2,5) and (2.7) p e r m i t s  d e s c r i p t i o n  of f lows  with con t inuous  t r a n s i t i o n  of the e m i s s i o n  
cond i t i ons  f r o m  the T - r e g i m e  to  the p - r e g i m e .  

In the  c a s e  of e m i s s i o n  l i m i t e d  by the  s p a c e  c h a r g e ,  the  l o g a r i t h m i c  t e r m s  in (2.7) d rop  out and a f t e r  e x c l u d i n g  T 
e x p a n s i o n s  (2.5) and (2.7) b e c o m e  the s e r i e s  in ql  p r e s e n t e d  in [2]. In th is  c a s e ,  we can  u s e  the r e c u r r e n c e  r e l a t i o n s  
p r e s e n t e d  in [2] to c o n s t r u c t  the a p p r o x i m a t i o n s  wi th  r e s p e c t  to  s. R e t a i n i n g  t e r m s  of  o r d e r  e 3, we have  fo r  the 
po t en t i a l  
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q)<3> /'1 a~ 8 ) [2  a~ t al 2 t4 al T L 
r  r ~+~ -~0~ 2~ ~o~ + ~  T 

s3 ,57 2 4 ~ "  ~3 ~ ' ~  / ,  _~ ~ ~ ~ / ]  
+ 2~ (• + • + 4-Y6 ~x~-- -~ k~ -- ~ --9- + 4~6 ~ + ~T k~ + 45 =) J ] '~ + 

+ e s { ~  a, 7 On, 5 az ~ 28 a, T a, 83 
a0.-/~-~-~+~o~:~ + ~  ~ +~-~7 [~(~,~+~;0+ 

157 5 2 Jp" '[3 3-p'2 [ 5 ~ Tp" .+ kx 2 __ __ _ _  • _ _  _ _  ~ ~-- 2 k~ 
+ 5 ~ 0 • 2 1 5  27 J ~540  J~ ~ - \ i S k ~ +  

112 , , 4 , 1 , 31463 
-}- ~ kxxIP + ~ k~u2P -~- 37 , ~ k~Tp' --  ~ Xlklp - -  -~ klkls + ~ (Xl a + X~ 3) + 

i99 [ 75i 
+ 7--~ x'~aT - -  ~ ~ •  i~5• 1 5 

__ ~7_~g • + 7 _ ~  x z ) / 9 8 8  t0t8 --~JP" -i-' ~ t - ~  { 689. x~ ~-' ~221 x~)\JP'~ + ~.(-- 2475233 • __ ~ 8  • + 

1 , 221 8 988 t018 \ Jr" ] 
+ -~ k~s + ~ x ~  + ~3 ~ ~  + ~ •  + ~ ~ )  ~--~ ~ ' 

2q~ <0> = (~/~ J) % s%. (2.8) 

T e r m s  c o n t a i n i n g  5 i and  5 2 and  d e r i v a t i v e s  with r e s p e c t  to Q a r e  aga in  d ropped  for  b r e v i t y .  

3. So lu t ion  of the  b o u n d a r y  p r o b l e m .  As m e n t i o n e d  above ,  for  e m i s s i o n  in  the T - r e g i m e  the ob jec t ive  is to  f ind 
the  f i e ld  E(q 2, qS) on the e m i t t e r  for  g iven  e m i s s i o n  c u r r e n t  dens i t y  j(q2,  qS), c o l l e c t o r  g e o m e t r y  s(~) = a0V~ ] = sis ) (q~, qS) 
and  c o l l e c t o r  po t en t i a l  go(2). Thus  the  p r o b l e m  r e d u c e s  to so lu t ion  of the two equa t ions  

1/6 J-g(2)3 ,o- 118 ET(2) 2 ~- 8A8(2) <1> -~ 82A8(2) <2> = s(2), 

[1A j~(~)2 + ET(~>I 2 + 28Aq)(2) (1 > + 2s2AtR~ (2> = 2q~(~). (3.1) 

We r e c a l l  the s u b s c r i p t  (2) m e a n s  that  the  c o r r e s p o n d i n g  t e r m s  a r e  c a l c u l a t e d  on the c o l l e c t o r .  F r o m  (3.1) we 
have  

E = V / ~(0_) - -  x/2 J~(2), JT(2) 3 - -  6V~(~) + 12 h = 0, 

1 A(p(~)<t> t ~I'1 t'AtP(2)<I>\ 2 hq~(2) <2> ]~ 
+ 

h = s(2) - -  eAs(~) <1 ) - -  e2As(2) <2>. (3.2) 

In th i s  c a s e  the  d i s c r i m i n a n t  of the cub ic  equa t ion  for  r(2 ) is 

A = 4 7  -3 ( 9 J h  2 - -  2V ~) < 0 (3.3) 

therefore there are three different real roots. The fact that r(2 ) > 0 and E > 0 makes it possible to select the root 
satisfying the physical sense of 

6~ ( J V, (3.4) 

The p r o b l e m  then  r e d u c e s  to c a l c u l a t i n g  V and h in  the f i r s t  and  s e c o n d  a p p r o x i m a t i o n s .  In  so  do ing  As<2> and  
Ago<2> a r e  c a l c u l a t e d  f rom so lu t ion  (3.4) in  z e r o  a p p r o x i m a t i o n ,  whi le  As<l> and  Ag0<l> a r e  c a l c u l a t e d  f r o m  f i r s t  
a p p r o x i m a t i o n .  

The c a s e  of e m i s s i o n  c l o s e  to the  p - r e g i m e  (E ~ 0) r e q u i r e s  s p e c i a l  a n a l y s i s ,  s ince  the d i s c r i m i n a n t  A in  th is  
c a s e  a p p r o a c h e s  z e r o  and the s ign  of the i nequa l i t y  in  (3.3) is now d e t e r m i n e d  by  the f i r s t  r a t h e r  than  the z e r o  
a p p r o x i m a t i o n .  H e r e  the  so lu t ion  for  r(2 ) and  E shou ld  be sought  in the  f o r m  of a s e r i e s  in  power s  of # = e 1/2. In th is  
c a s e  it  is  c o n v e n i e n t  to i n t r o d u c e  the  quan t i ty  j ,  which  def ines  the dev i a t i on  of the e m i s s i o n  c u r r e n t  dens i t y  f r o m  the 
va lue  g iven  by the 3 /2  law 

2 [2~(,)l v: 3%__) (i + ~ ) .  (3.5) ( t - - ~ 2 j ) ,  E =  2~(2) ~ ,  ~ ( 2 ) - [ 2 ~  ,,/2 d 9 s(~)~ s(~) (2) J 
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R e t a i n i n g  t e r m s  of o r d e r  pa, we ob ta in  f r o m  (2.5) 

5 a~ i T)~(~)6@ 
aoZ 

2 , 

+ , ~ ~;~ + w 1') t~27 = s~=), 

Subs t i tu t ing  (3.5) into (3.6),  we h a v e  

u ( 4 f f + O g ) = - - i x  ~ 4 0 2 +  1203"---~ j +  ----~+TsT s(2) - -  
3 ~o 

" t % 

4 Ts(~)] - -  1~(4~ + 6g) --- ~2 [ 6 ~  + 18fig + 992 - -  2j -1- -~" 

28 Ts(2))t~ + ( - - 6 j  +-~ Ts(@g,]. - r + ,lse,  + + ( -  + 

(3.6) 

(3.7) 

Solv ing  ( 3 . 7 ) f o r  /}, g ,  

3 [s 99 

~0=~L~-J-  ~ + T ~ r  s~) . (3.8) 

F i n a l l y ,  l e t  us e x a m i n e  the  c a s e  of e m i s s i o n  in the p - r e g i m e ,  in which  the  so lu t ion  is g iven  by (2.8).  So lv ing  
(2.8) s e q u e n t i a l l y  fo r  J in the z e r o ,  f i r s t ,  and  so  on a p p r o x i m a t i o n s ,  we obta in  

{ , I  ~, 4 T )s (2 )+ 7(2> - v2 [2%)1~'=.>.)= 1-- s l ' ~ - ~  + ~ - "  , 

. ' I  ai t "I  ~ i 1 3  [__ l ' a 2  , 13 al" +_ff T + x 2  ~-)+ + lq ~ -  

" " ( ) l } 47 ~(2)P 
4 .~(~)e ~ 75 , + k~ + k2 s(2) 2 . (3.9) 
15 s(2 ) ~(~)'~ s(2 ) j 

The e x p r e s s i o n  fo r  J t a k e s  a m o r e  c o m p a c t  f o r m  if the c o l l e c t o r  equa t ion  is  s p e c i f i e d  by m e a s u r i n g  the  d i s t a n c e  
f r o m  q~ = 0 a long  the  a r c  length  S of the c u r v i l i n e a r  ax i s  q~: S(2 ) = S(2 ) (q2, q3). Then we have  fo r  J(3} 

2 [2%2)] =I= {i 4 : t63 
7<3> - 9 s ( 2 ) 2  

l 2 4 s(~)~ + ;5 + §  ~)--2~(~)] (2) + 
+ 3 - k l  - -  15 S(2 ) S(~)~ 

@83 [__ 167 . . . .  - / 2 , 5 , 167 

+ xl - -  9"~ • klkz - -  \ 825 • ~ Ngg "~)  Sa) + 

, ( 5 1 t  561 ~ (2)P , 269 , 268  , t , 

, - -  ~- u2lq + S--fig x~ ~ -}- ~ x=k~) S(2) a 

We s e e  tha t  in the  f i r s t  and s e c o n d  a p p r o x i m a t i o n s  the  ind iv idua l  e m i t t e r  s e g m e n t s  o p e r a t e  independen t ly ;  in th i s  
c a s e  J( l> depends  only  on the o v e r - a l l  c u r v a t u r e  T and the d i s t a n c e  to the c o l l e c t o r  a long  qi ;  wi th  accoun t  fo r  t e r m s  of  
o r d e r  ~2 a s e c o n d - o r d e r  d i f f e r e n t i a l  r e g i o n  on the  e m i t t e r  is m a d e  to c o r r e s p o n d  to a r e g i o n  of the s a m e  o r d e r  on the 
c o l l e c t i n g  s u r f a c e .  In the t h i rd  a p p r o x i m a t i o n  the c u r r e n t  d e n s i t y  is d e t e r m i n e d  by the s a m e  r e g i o n  on the c o l l e c t o r ,  
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but in te rac t ion  with the neighbor ing reg ions  of the emi t t ing  su r face  begins and this in te rac t ion  can be accounted for  by 
using the d e r i v a t i v e s  of the o v e r - a l l  cu rva tu r e .  

F o r  T(2 ) we have 

1 
T(:):r2m 1% L -~sk ~- 

4. Examples .  Let  us examine  the re la t ionship  between the r e su l t s  obtained by cons t ruc t ing  the expansions in 
t e r m s  of e and the exac t  exp res s ions  for the known analyt ic  solut ion desc r ib ing  the flow along c i r c u l a r  t r a j e c t o r i e s  
f r o m  a plane e m i t t e r  [1]. We use  two coordinate  sys t ems  for this purpose:  polar  (R, 9) and Car tes ian  (x, y). As the 
c o l l e c t o r  we take the equipotent ial  f rom the exact  solution 

r = 2/3 arc sin [(2~p(2)R~)% 1. (4.1) 

and we compare  the c u r r e n t  densi ty  ca lcu la ted  using (3.10) 

2 , r~- ( ~5 t 7 , '  4 , "  . 47,'~\7 
J i2>=yl2q~<~)] / , [~+.--  / t ~ - - 2 5 T - - ~ - ~ - + ~ - j j ,  S = l t ~ ,  

2 3, [ I . ~ /  4 y" 47y'2 

with the exact  exp re s s ion  J e x  = 1/2R-5. It is easy  to see  that the r eg ion  in ques t ion has an upper angular  bound of 
60~ ' = ~) in R, r coord ina tes  and the upper angular  bound of 36~ ~ = r in the Car t e s i an  coord ina tes .  F igu re  1 shows 
the c o l l e c t o r  with potential  ~2 = 0.05 and cu rves  of the r e l a t i v e  e r r o r  5 = (Jex - J ) / J e x  in the ze ro  and second 
approximat ions ,  ca lcu la ted  in acco rdance  with (4.2) (solid curves)  and (4.3) (dashed curves) .  In Rand ~ c o o r d i n a ~ s ,  the 
flow is ca lcu la ted  with an e r r o r  less  than 1% in the reg ion  ~ = 0, ~ = 0.05, R = 2.27; in x , y  coord ina tes  the 
co r r e spond ing  reg ion  is ~ = 0, ~ = 0.05, x = 1.47. Thus,  in this c a s e  convers ion  to the sys tem fixed to the t r a j e c t o r y  
s igni f icant ly  b roadens  the reg ion  being cons ide red .  

ZO y " " ~ : - 4 " . . .  - " ' 4 , ,  '~-t61~ ~,~tO0 

1 \  . " % . 1  , "', 
\ e)4 <z: 

o 
I..0 2.0 x,R 

Fig. 1 

We would expect  that this s t a t ement  is val id in the genera l  ca se  and can p ic ture  an i t e ra t ive  p roce s s  of coordinate  
sys t em opt imizat ion  whose objec t ive  is to improve  the p rec i s ion  of the exp re s s ions  p resen ted  in sect ions  2 and 3. 

Fig.  2 

As an example ,  cons ider  the p rob lem of de t e rmin ing  the e m i s s i o n  cu r r en t  densi ty  in the p - r e g i m e  for flow 
between two c i r c u l a r  cy l ind r i ca l  e l e c t rodes  whose axes  do not coincide (Fig.  2). We used a polar  coordinate  s y s t e m  
fixed to the e m i t t e r  (R = 1). F i g u r e  3 shows the c u r v e s  of J,<3> as a function of the polar  angle  r for  two co l l e c to r s  
(R(2) = 1.25, sol id  c u r v e s ;  R 2 = 1.15, dashed curves)  and s e v e r a l  va lues  of the dis tance b between the cen t e r s .  Here  J .  
is the c u r r e n t  densi ty  r e f e r r e d  to the Langmui r  densi ty  for  a planar  diode, based on the min imum dis tance  between 
the cy l ind r i ca l  e l e c t r o d e s ;  
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Fig.  3 
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F i g u r e  4 i l l u s t r a t e s  the r e su l t s  of the ca lcula t ion  of J .  in the zero ,  f i r s t ,  and second approximat ions  for  R(2 ) = 
= 1.25 and 6 = 0.05. The cu rves  of J.<2} and J,(3> in the se l ec ted  sca le  do not di f fer  f r o m  one another  (the max imum 
dis tance  along the ordinate  is 0.0057). 
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